I. LANDAU FREE ENERGY & DERIVATION OF RENORMALIZED JOSEPH-SON COUPLING
This section presents the derivation of the Landau Free energy that describes the transition between the "low"-spin s ± state and the "high"-spin octet state. We assume an isotropic system in Eq. (9) of the main paper to illustrate the key physics of renormalization of the Josephson coupling χ 12 by the Coulomb repulsion; hence the coefficients for ∆ 1 and ∆ 2 are equal. In the physical systems with tetragonal symmetry, the coefficients for ∆ 1 and ∆ 2 are
generally not equal as they are not related by symmetry operations of the C 4v group. Thus, the free energy would have the general form,
where ∆ 1 and ∆ 2 are the gap parameters for the d xy and d x 2 −y 2 orbital triplet condensates.
In the isotropic case described in the main paper, α 1 = α 2 and β 1 = β 2 . The "low"-spin to "high"-spin transition is driven by a change in the relative orientation of d k with respect to n k , i.e. by reversing sign(∆ 1 ∆ 2 ). The relative phase of ∆ 1 and ∆ 2 , is determined by the internal Josephson coupling χ 12 . When both helical bands cross E F , we shall see that χ 12 > 0 while χ 1s and χ 2s are almost zero, so the ground-state energy is minimized when ∆ 1 and ∆ 2 have the same phase, forming an isotropic gap with no nodes. By contrast, when one band is removed from the Fermi surface by doping, then χ 1s and χ 2s become large, and the effective Josephson coupling becomes
causing a reversal of the relative sign of the two condensates and the formation of nodes in the gap.
We can derive the free energy using a BCS Hamiltonian that includes the orbital triplet pairing and a repulsive Hubbard U term, which we factorize into a product of s-wave pairing terms using the Hubbard-Stratonovich method, to obtain
where N s is the number of lattice sites and the Rashba and orbital d-vectors are defined by B k = (ǫ xy , 0, ǫ x 2 −y 2 ), The Bogoliubov spectrum is,
where α = ±1 for the two superconducting bands and
The free energy is then given by,
A Taylor expansion of Eq. 8 will then give us the coefficients of the Landau Free energy in Eq. 1. We will now carry out the calculation around the saddle point, which gives the following coupled gap equations,
(2π) 2 , the Josephson couplings between the different pairing channels are then given as follows:
where for clarity, we have suppressed the momentum labels. Evaluatingχ 12 ,χ 1s andχ 2s
at T = T c for ∆ 1 = ∆ 2 = ∆ s = 0 gives the Landau free energy coefficients χ 12 , χ 1s and χ 2s in Eq. (9) of the main paper (here we drop the tilde's to denote the evaluation of these quantities at T c ). The coefficients β 1 , β 2 and β 3 are given by Taylor expansions ofχ 12 ,χ 1s andχ 2s .
To demonstrate the renormalization of the Josephson coupling χ 12 by the Coulomb repulsion, we solve for ∆ s in the third row of Eq. 9,
Substituting this back into the first two rows, we obtain
where
is an effective, renormalized χ ef f 12 , while
are the corresponding diagonal susceptibilities. Since χ 1s and χ 2s have the same sign, the changes sign. This will occur when the system is strongly hole or electron doped, such that only hole or electron pockets survive at the Fermi surface.
To illustrate the sign change of χ ef f 12 at the phase transition, we use using a simplified momentum-independent orbital Rashba coupling with ǫ xy (k) =t sin(2θ k ) and ǫ x 2 −y 2 (k) = t cos(2θ k ). In this case, the helical bands are split apart byt and have a constant density of state N(0). Note that at T c ,
where we have introduced the normal-state band index
The appearance of the sgn(ǫ s ) separating the normal and superconducting state band indices is important in keeping track of which susceptibilities have cancelling logarithimic components. We can then make the substitutions
2α ǫ s
The s-wave susceptibility is simply
When the electron and hole bands are present, I = 2, but when we hole dope the system the I = −1 term can be dropped, and we write I → 1. The Josephson coupling between the two d-wave condensates is
Note that the contributions from the electron and hole bands add together. Similarly, for the Josephson coupling between the s-and d-wave order parameters we obtain
and similarly, omitting the intermediate steps,
so the d-s couplings have equal and opposite contributions from the two helical bands.
When both bands cross E F , χ 1s = χ 2s = 0 and thus χ ef f 12 = χ 12 > 0, driving the system into the energetically favored s ± state. However, this compensation fails when the electron band is doped away from E F , leaving behind the sole contribution from I = +1, so that
. Substituting (27) , (28), (29) and (30) into (19), we then
(electron and hole pockets),
(hole pockets only).
Thus, at the Lifshitz point where the electron pockets disappear, the Coulomb repulsion causes a a sign change in χ ef f 12 and a first-order phase transition from the s ± to the octet state will then occur.
II. ORBITAL ANISOTROPY IN SUPERCONDUCTING PHASE
The orbital Rashba field mixes the orbital quantum numbers of the quasi-particles in the normal state, and the k-space dependence of the rotating B k vector drives a modulation in the orbital character of the normal state quasi-particles. This shows up as a d xy -dependence of the orbital anisotropy I 3 (k) = n xz (k) − n yz (k), which has been measured experimentally in polarization-dependent ARPES [1] .
However, the orbital Rashba field is modified by Andreev scattering upon condensation into the superconducting phase as the underlying d-wave orbital triplets will have a different orbital entanglement from the normal-state quasi-particles, i.e. d k = B k . Hence, the effective Rashba field in the superconducting phase picks up an additional
component, giving rise to a sin(2θ) sin(4θ) ∼ cos(6θ) component in the orbital anisotropy
The Hamiltonian of the system is given by,
and the orbital anisotropy can be calculated from the full Green's function of the system,
where we first multiply both numerator and denominator by the factor ω + (
to trace out the γ 3 component. To trace out the orbital matrix I components, we next mul-
We finally obtain the expression for G(k, ω), with a denominator that is proportional to identity 1,
where,
Multiplying out the terms in the numerator of G(k, ω), we see that there is an additional contribution to the orbital Rashba field in the superconducting state,
The effective orbital Rashba field component in G(k, ω) is then given by,
We project into the particle (hole) basis by P p(h) = 1 2
(1 ± γ 3 ), and the difference in the orbital occupancy between the xz and yz orbitals is given by I 3 . Hence, the orbital anisotropy is given by,
where the integral is done only over the hole pocket around Γ, hence we choose a lower
. Note that the electron and hole pockets have opposite helicities, and integrating over both pockets will have canceling contributions.
Substituting Eq. 34 into Eq. 37, the shift in orbital anisotropy due to Andreev scattering is given by,
Since we pick up only the poles in the lower helical band E − k due to a lower cut-off of D, this gives,
Thus, the Andreev shift of the Rashba field gives a signal
, and we have approximated the superconducting gap in the quasi-particle basis by,
and, we have approximated We also carry out a Fourier Transform of the orbital anisotropy signal δI 3 (k), and since I 3 = xz − yz , this means that I 3 ∈ B 1g and it will have nodes along the diagonals, and also has to change sign upon R 90 • . Thus, the only Fourier components it will have are cos2(2n + 1)θ components, and we show the first two components cos(2θ) and cos(6θ) which have the largest signals. The cos(2θ) component will have the largest contribution from the Rashba field B bk , and the most interesting signal comes from the cos(6θ) component that depends on the shift due to the double Andreev scattering process.
III. GAPLESS ANDREEV EDGE STATES
C 4v symmetry guarantees the degeneracy of the xz and yz orbitals, which allows the system to condense into an orbitally-entangled triplet state. This non-trivial entanglement is reflected by the winding number of the d k vector, which we re-state here for convenience.
This orbitally entangled nature is reflected in the existence of gapless Andreev edge states at domain walls between two regions with different topological numbers ν. Here, we calculate the edge states at the domain wall between two bulk orbital triplet states of opposite chirality, with a boundary at x = 0 and satisfying the boundary conditions ∆ 2 (x = −∞) = −∆ 2 and ∆ 2 (x = ∞) = +∆ 2 , using the method described by Volovik [2] .
The winding number ν (Eq. 41) changes sign from +2 to −2 across the domain, when ∆ 2 (x) changes sign. However, the orbital Rashba vector n k remains unchanged across the domain wall, hence the system is in the "low"-spin s ± state on the left, and in the "high"-spin octet state on the right of the domain wall.
, we can calculate the edge states perturbatively. Letting
, we obtain the Hamiltonian,
. H acts on Nambu spinor,
over half the BZ ∈ k > 0. Since the Cooper pairs are also spin singlets, there is an additional spin degree of freedom that gives rise to a degenerate Nambu spinor,
Thus, we can choose to carry out our calculations using only ψ kIσ over the full BZ, which is equivalent to calculations using both ψ kIσ and ψ ′ kIσ over half the BZ. Since [I 3 1, I 3 γ 2 ] = 0, we can find two zero-energy solutions H |ψ = 0,
Hence, we see that the edge states have a decay length given by
, and the Fermi momentum along k x is shifted by ±
for ξ ± respectively due to the Rashba coupling. We now treat the edge Hamiltonian H ′ as a perturbation, and acting in the subspace of ξ ± , this gives It is straightforward to show that the zero-energy modes satisfy the following Hamiltonian along the edge, and disperse linearly.
where, Solving the edge Hamiltonian, Eq. 42, gives the following two fermionic zero modes,
where ψ 1,2 are two linearly dispersing gapless Andreev bound states. As ψ kIσ and ψ ′ kIσ are spin-polarized states with spin up and down respectively, we get two sets of gapless Andreev bound states with definite spin and orbital iso-spin, but these Andreev edge states are not Majorana fermions as they are spin-polarized. the orbital and atomic isospin angular momenta of the pairs can account for the observed transition from an isotropic s ± -wave to an octet gap structure. An implication of our mechanism is that the origin or the pairing state is in the formation of hidden d-wave pairing.
Entangled Orbital Triplet Pairs in Iron-Based Superconductors
The key to our theory lies in the helical orbital structure of the electronic bands, in which the orbital character of the quasiparticles behaves as a vector in orbital space, rotating twice as one passes around the Γ point in the Brillouin zone 37 , as shown in Fig. 1 . This topologically non-trivial band structure is well established from first-principles calculations 38 and has been independently confirmed by ARPES measurements in both the normal state 39, 40 and the spin-density wave phase 41, 42 . The dominant atomic orbital character of Bloch waves near the Fermi surface involves the three t 2g orbitals, i.e. the xz, yz and xy orbitals 43 . To illustrate the key elements of our theory, we adopt a simplified two orbital (xz/yz) model which captures the orbital helicity of the bands 37, 44 ; later inclusion of the xy orbitals does not change the key conclusions. The xz and yz orbitals form a degenerate doublet or "iso-spin" which we label with the I z index, treating the xz orbital as an "up" state with I z = +1 and the yz orbital as a "down" state with I z = −1.
The electrons in these orbitals carry internal L = 2 angular momentum, containing a mixture of
states. There are thus two potential sources of angular momentum carried by the Cooper pairs: external (L) "orbital" angular momentum associated with the relative electron motion and internal "isospin" angular momentum (Î) associated with the atomic electron states.
As electrons that form Cooper pairs hop between sites on the lattice, they exchange ± 2h units of angular momentum between the orbital and isopin angular momentum. These "isospinflip" hopping processes are the analogue of the spin-orbit coupling terms in metals which give rise to Rashba coupling terms. We write down the tight-binding two-orbital Hamiltonian H 0 (k) for the electron motion 44 in a fashion that highlights the isospin-orbital Rashba coupling,
Here we have introduced a triplet of isospin Pauli matrices I = (I 1 , I 2 , I 3 ) which span the orbital space, defined as I 1 ≡ |xz yz| + |yz xz|, I 2 ≡ −i |xz yz| + i |yz xz| and I 3 ≡ |zx zx| − |zy zy|. The orbital Rashba field
is the clockwise angle of rotation about theŷ axis. The transformation behavior of the first and third components ofn k is dictated by the point group transformation, while the vanishing second component ofn k is a consequence of time reversal symmetry. Electron hopping between iron atoms proceeds predominantly via the arsenic atoms, resulting in a preferential hopping of yz-orbitals along the x axis and xz-orbitals along the y axis. The corresponding tight-binding description
It is straightforward to diagonalize the Hamiltonian to obtain two quasi-particle bands of opposite helicities, I = ±1, where I is the eigenvalue of the "helicity" operator I ·n k . The energies are given by E I (k) = ǫ s (k) − sgn(I)B k , giving rise to a normal state Hamiltonian
are the hole and electron quasi-particle creation operators respectively. The helicity has an "s ± " symmetry, with I = +1 on the hole pockets and I = −1 on the electron pockets. The quasiparticle coherence factors (u k , v k ) = (cos φ k /2, sin φ k /2) are determined by the orientation of thê n k vector, which winds twice in isospin space as one passes around the Γ point (see Fig. 1 ). The vector n k reverses its direction of rotation around the (π, π) point, and when this hole pocket is translated into the central zone, it forms a second Γ pocket with an opposite orbital character to the first.
The multi-orbital nature of the band structure suggests that the gap function is entangled with the orbital isospin. To this end we make the ansatz that the s ± gap alternates between the electron and hole pocket, but is constant on each of these Fermi surfaces, given by a pairing Hamiltonian
where for simplicity, we have chosen the two gaps to be of equal magnitude. In a conventional picture of s ± pairing, the gap function ∆ ± (k) ∼ ∆ 0 cos(k x ) cos(k y ) on all bands. As we now show, in this alternative interpretation of s ± pairing, a condensate of orbitally entangled d-wave pairs hides behind the topologically non-trivial band structure.
The orbital Rashba fieldn k shown in Fig. 1 , defines a quasiparticle reference frame which rotates in orbital space as it moves through momentum space. Though the s ± gap is constant in the quasiparticle reference frame, when transformed back into the stationary orbital reference frame, a non-trivial orbital and isospin structure is revealed. Using equations (3), carrying out the transformation back into the fixed atomic orbital basis, we obtain
where we have used the fact that u k and v k are odd functions of momentum. Here ∆ xy (k) = We now discuss the nature of the phase transition between the low-spin s ± and the high spin octet state. The basic structure of the phase transition can be modeled using a Landau Free energy, which we write as F = F DOT + F S , where 
A microscopic calculation shows that χ 1s = χ 2s ∼ I=± sgn(I)ln
, with equal and opposite contributions from the two helical bands. When both bands cross E F , χ 1s = χ 2s = 0, thereby demonstrating the phase cancelation mechanism; in this case the Josephson coupling thus χ ef f 12 > 0, driving the system into the energetically favored s ± state. However, this compensation fails when the electron band is doped away from E F , and χ 1s = χ 2s ∼ −(N(0)/2)ln
. At this Lifshitz point, the Coulomb repulsion renormalizes the Josephson forcing it to change sign, and a first-order phase transition from the s ± to the octet state will occur. A microscopic calculation
gives (see online material)
We thus expect a quantum phase transition from the low angular momentum s ± superconducting state to the high angular momentum state when the Coulomb repulsion overcomes the internal Josephson coupling. This is most likely to occur in systems without electron pockets. KFe 2 As 2 exhibits exactly such a Fermi surface structure, and experiments on this material show that it undergoes a first order transition under pressure from a gapless to a fully gapped superconductor 2 . This transition has been interpreted as a competition between two fine-tuned d-wave and s-wave pairing mechanisms 2 . However, the high to low spin transition of the condensate provides an alternative way to account for this transition within a single pairing mechanism.
One of the ways in which the orbital entanglement of the condensate can be measured, is using polarized Angle Resolved Photoelectron Spectroscopy (pARPES), which has been recently used to measure the orbital character of the surface states in the topological insulator, Bi 2 Se 3 47 . As the orbitally entangled condensate develops, we predict that orbital anisotropy of the ARPES signal will change in a very specific fashion. Polarization dependent ARPES techniques determine the momentum-resolved orbital anisotropy of the quasiparticles, defined by
In the superconducting state, Andreev scattering off the orbitally entangled pairs modifies the orbital Rashba field. This is because Andreev scattering off the orbitally entangled condensate contains an interband term of strength proportional to d k × B k , so that two successive successive Andreev scattering events give rise to an additional component to the orbital Rashba field. A detailed calculation of the resulting orbital anisotropy (see Supplementary Information for details) gives
where ∆ sc (k) is the full superconducting gap. The qualitative angular form of this function is δI 3 (θ) ∼ sin(2θ) sin(4θ) ∼ cos(6θ). The overall magnitude is proportional to 1/∆ sc (k), so that the changes in the orbital character are expected to be greatly enhanced in the octet state. Fig 3 contrasts the predicted orbital anisotropy for the s ± and octet superconductors. The vanishing of the gap in the octet state leads to a characteristic cusp like structure in the orbital anisotropy near the gap nodes, observation of which would provide a definitive test of our theory.
One of the interesting aspects of the orbital triplet condensates involves their internal topol-
The low-spin s ± state and high-spin octet state have opposite winding numbers ν = +2 and ν = −2 respectively. At an interface between these two phases, the change in topology is expected to produce gapless Andreev bound-states, loosely analgous to the Majorana surface states in 3 He-B [48] [49] [50] . However, here spin singlet character of the condensates will produce a Kramers doublet of counter-propagating Andreev bound states. This prediction could be tested using an epitaxially grown interface between optimally doped and electron or hole-doped samples.
We end by mentioning the effect of including the additional xy orbitals, neglected in our initial model of orbital triplet pairing. To describe the additional entanglement of these orbitals with the condensate we must introduce two new orbital isospin operators I 4 = i(|xz xy| − |xy xz|) and I 5 = i(|yz xy| − |xy yz|). Since these operators involve a change in angular momentum of one unit, they carry internal angular momentum I = 1 and to form the s ± condensate with net angular momentum J = L + I = 0 their corresponding form factors must have L = 1 p-wave symmetry, so that now
k,Iσ (∆ xy I 1 + ∆ x 2 −y 2 I 3 + ∆ x I 4 + ∆ y I 5 ) γ 1 ψ kIσ (15) where ∆ x = ∆ sin k x and ∆ y = ∆ sin k y . These extra terms may promote additional low-to-high spin transitions into gapless J = I + L = 2 d-wave states.
In conclusion, we have proposed that the s ± pairing in the iron based superconductors derives from an underlying orbital triplet condensate. Our model allows for the possibility of both "low"
and "high" spin configurations of the orbital triplet pairs and predicts the development of a distinct orbital anisotropy signature in the ARPES spectroscopy in the superconducting phase. We note that this pairing mechanism may also be relevant for other multi-orbital superconductors such as SrRu 2 O 4 . In conventional s ± , the ± sign change is determined by the cos(k x ) cos(k y ) form factor in k-space; in the orbital triplet state, the sign change depends on the orbital helicity (sgn(I)) of the bands. ) of the orbital anisotropy δ I 3 around the hole pocket centered at Γ for the s ± state and octet state respectively. The sin(2θ) sin(4θ) ∼ cos (6θ) structure (dodecagonal) is clearly revealed in both cases, and the 'high"-spin octet state shows a unique cusp-like feature at the gapless nodal points. 
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